We investigate the exclusive semileptonic Bc → (D, ηc, B, Bs)ℓν ℓ , η b → Bcℓν ℓ (ℓ = e, µ, τ ) decays using the light-front quark model constrained by the variational principle for the QCD motivated effective Hamiltonian. The form factors f+(q 2 ) and f−(q 2 ) are obtained from the analytic continuation method in the q + = 0 frame. While the form factor f+(q 2 ) is free from the zero-mode, the form factor f−(q 2 ) is not free from the zero-mode in the q + = 0 frame. We quantify the zero-mode contributions to f−(q 2 ) for various semileptonic Bc decays. Using our effective method to relate the non-wave function vertex to the light-front valence wave function, we incorporate the zero-mode contribution as a convolution of zero-mode operator with the initial and final state wave functions. Our results are then compared to the available experimental data and the results from other theoretical approaches. Since the prediction on the magnetic dipole B * c → Bc + γ decay turns out to be very sensitive to the mass difference between B * c and Bc mesons, the decay width Γ(B * c → Bcγ) may help in determining the mass of B * c experimentally. Furthermore, we compare the results from the harmonic oscillator potential and the linear potential and identify the decay processes that are sensitive to the choice of confining potential. From the future experimental data on these sensitive processes, one may obtain more realistic information on the potential between quark and antiquark in the heavy meson system.
I. INTRODUCTION
The exclusive semileptonic decay processes of heavy mesons generated a great excitement not only in extracting the most accurate values of Cabbibo-KobayashiMaskawa(CKM) matrix elements but also in testing diverse theoretical approaches to describe the internal structure of hadrons. The great virtue of semileptonic decay processes is that the effects of the strong interaction can be separated from the effects of the weak interaction into a set of Lorentz-invariant form factors, i.e., the essential informations of the strongly interacting quark/gluon structure inside hadrons. Thus, the theoretical problem associated with analyzing semileptonic decay processes is essentially that of calculating the weak form factors.
In particular, along with the experimental study planned both at the Tevatron and at the Large Hadron Collider(LHC), the study of the B c meson has been very interesting due to its outstanding feature; i.e., the B c meson is the lowest bound state of two heavy (b, c) quarks with different flavors. Because of the fact that the B c meson carries the flavor explicitly, not like the symmetric heavy quarkonium (bb, cc) states, there is no gluon or photon annihilation via strong interaction or electromagnetic interaction. It can decay only via weak interaction. Since both b-and c-quarks forming the B c meson are heavy, the B c meson can decay appreciably not only through the b → q(q = c, u) transition with c quark being a spectator but also through the c → q(q = s, d) transition with b quark being a spectator. The former transitions correspond to the semileptonic decays to η c and D mesons, while the latter transitions correspond to the decays to B s and B mesons. The latter transitions are governed typically by much larger CKM matrix element; e.g., |V cs | ∼ 1 for B c → B s ℓν ℓ (ℓ = e, µ), vs. |V cb | ∼ 0.04 for B c → η c ℓν ℓ (ℓ = e, µ, τ ). For this reason, although the phase space in c → s, d transitions is much smaller than that in b → c, u transitions, the c-quark decays provide about ∼ 70% to the decay width of B c . The b-quark decays and weak annihilation add about 20% and 10%, respectively [1] . This indicates that both b-and c-quark decay processes contribute on a comparable footing to the B c decay width.
There are many theoretical approaches to the calculation of exclusive B c semileptonic decay modes. Although we may not be able to list them all, we may note here the following works: QCD sum rules [1, 2, 3, 4] , the relativistic quark model [5, 6, 7] based on an effective Lagrangian describing the coupling of hadrons to their constituent quarks, the quasipotential approach to the relativistic quark model [8, 9, 10] , the instantaneous nonrelativistic approach to the Bethe-Salpeter(BS) equation [11] , the relativistic quark model based on the BS equation [12, 13] , the QCD relativistic potential model [14] , the relativistic quark-meson model [15] , the nonrelativistic quark model [16] , the covariant light-front quark model [17] , and the constituent quark model [18, 19, 20, 21] using BSW(Bauer, Stech, and Wirbel) model [22] and ISGW(Isgur, Scora, Grinstein, and Wise) model [23] .
The purpose of this paper is to extend our light-front quark model(LFQM) [24, 25, 26, 27, 28, 29] based on the QCD-motivated effective LF Hamiltonian to calculate the hadronic form factors and decay widths for the exclusive semileptonic B c → P ℓν ℓ (P = D, D s , B, B s ) and η b → B c ℓν ℓ decays and the magnetic dipole B doscalar/vector mesons [24, 28, 29] . In those analyses, we found a good agreement with the experimental data. However, since we didn't analyze the B c and B * c mesons yet, we shall extend our LFQM to predict the masses and the decay constants of B c and B * c mesons as well as the above mentioned exclusive decays of B c and B * c mesons. Our LFQM [24, 25, 26, 27, 28, 29] analysis in this work has several salient features: (1) We have implemented the variational principle to the QCD motivated effective LF Hamiltonian to enable us to analyze the meson mass spectra and to find optimized model parameters. The present investigation further constrains the phenomenological parameters and extends the applicability of our LFQM to the wider range of hadronic phenomena. (2) We have performed the analytical continuation from the spacelike region to the physical timelike region to obtain the weak form factor f + (q 2 ) for the exclusive semileptonic decays between the two pseudoscalar mesons as well as to obtain the decay form factors F V P (q 2 ) for V → P γ * transitions. The Drell-Yan-West(q + = q 0 +q 3 = 0) frame (i.e., q 2 = −q 2 ⊥ < 0) is useful because only the valence contributions are needed unless the zero-mode contribution exists.
The form factor f + (q 2 ) can be obtained just from the valence contribution in the q + = 0 frame without encountering the zero-mode contribution [30] . However, the form factor f − (q 2 ) receives the higher Fock state contribution(i.e., the zero-mode in the q + = 0 frame or the nonvalence contribution in the q + > 0 frame) within the framework of LF quantization. Thus, it is necessary to include either the zero-mode contribution(if working in the q + = 0 frame) or the nonvalence contribution(if working in the q + > 0 frame) to obtain the form factor f − (q 2 ). In this work, we utilize our effective method presented in [26] to express the zero-mode contribution as a convolution of zero-mode operator that we find in this work with the initial and final state LF wave functions. In this way, we calculate the form factor f − (q 2 ) in the q + = 0 frame with the perpendicular components of the currents and discuss the LF covariance of f − (q 2 ) in the valence region by analyzing the covariant BS model and the LF covariant analysis described by Jaus [31] . We also estimate the zero-mode contributions to the f − (q 2 ) for various semileptonic B c decays in our LFQM.
The paper is organized as follows. In Sec. II, we discuss the P → P semileptonic decays using an exactly solvable model based on the covariant BS model of (3+1)-dimensional fermion field theory. We explicitly show the equivalence between the results obtained by the manifestly covariant method and the LF method in the q + = 0 frame. The extraction of the zero-mode contribution to f − (q 2 ) in the q + = 0 frame and the effective inclusion of the zero-mode in the valence region are discussed. In Sec. III, we briefly describe the formulation of our LFQM and the procedure of fixing the model parameters using the variational principle for the QCD motivated effective Hamiltonian. The masses and decay constants of the B * c and B c mesons are predicted and compared with the data as well as other theoretical model predictions. The distribution amplitudes(DAs) for the heavy-flavored mesons such as D, η c , B, B s , B c and η b are also obtained in this section. In Sec. IV, we calculate the weak form factors f + (q 2 ) and f − (q 2 ) in the q + = 0 frame using the plus and perpendicular components of the currents, respectively. The zero-mode contribution to the form factor f − (q 2 ) is also discussed. In Sec. V, the decay form factor 
II. P → P SEMILEPTONIC DECAYS IN COVARIANT BETHE-SALPETER MODEL

A. Manifestly covariant calculation
The amplitude A for a semileptonic decay of a meson Q 1q with the four-momentum P 1 and the mass M 1 into another meson Q 2q with the four-momentum P 2 and the mass M 2 is given by
where G F is the Fermi constant, V Q1Q2 is the relevant CKM mixing matrix element, L µ is the lepton current
and H µ is the hadron current
Here, ǫ is the polarization of the daughter meson and V µ and A µ are the vector and axial vector currents, respectively. If the final state is pseudoscalar, the hadron current can be decomposed as follows:
where q µ = (P 1 − P 2 ) µ is the four-momentum transfer to the lepton pair(ℓν ℓ ) and m
Sometimes it is useful to express the matrix element of the vector current in terms of f + (q 2 ) and f 0 (q 2 ), which
Once we reduce the five propagators into a sum of terms containing three propagators using Eq. (11), we use the Feynman parametrization for the three propagators, e.g.,
We then make a Wick rotation of Eq. (8) in D-dimensions to regularize the integral, since otherwise one looses the logarithmically divergent terms in Eq. (8) . Following the above procedure, we finally obtain the Lorentz-invariant form factors f + (q 2 ) and f − (q 2 ) as follows:
where
Note that the logarithmic terms in f + (q 2 ) and f − (q 2 ) are obtained from the dimensional regularization with the Wick rotation.
B. Light-front calculation
Performing the LF calculation of Eq. (8) in the q + = 0 frame in parallel with the manifestly covariant calculation, we shall use the plus and perpendicular components of the currents to obtain the form factors f + (q 2 ) and f − (q 2 ), respectively. That is, in the q + = 0 frame, one obtains the relations between the current matrix elements and the weak form factors as follows
The LF calculation for the trace term in Eq. (10) can be separated into the on-shell propagating part S µ on and the instantaneous part S
as
and
Note that the subscript (on) denotes the on-mass-shell (p 2 = m 2 ) quark momentum, i.e., p
The traces in Eqs. (18) and (19) are then obtained as
for the plus component of the currents and
for the perpendicular components of the currents, where k
. As one can see from Eqs. (20) and (21), the perpendicular components of the currents receive instantaneous contributions while the plus component of the currents does not receive them. Especially, the absence of the instantaneous contributions to the plus current indicates that there is no zero-mode contribution to the hadronic matrix element of the plus current.
Valence contribution
In the valence region 0 < k
e., the spectator quark) is located in the lower half of the complex k − -plane. Thus, the Cauchy integration formula for the k − integral in Eq. (8) gives
The LF vertex functions χ 1 and χ 2 are given by
From Eqs. (20) and (21), we obtain the valence contribution to M + val and M ⊥ val as follows
From Eqs. (15) and (25), we get the LF valence contributions to f + (q 2 ) and f − (q 2 ) as follows
We note that the form factors in Eq. (27) obtained in the spacelike region using the q + = 0 frame are analytically continued to the timelike region by changing q 2 ⊥ to −q 2 in the form factors.
Zero-mode contribution
In the nonvalence region P + 2 < k + < P + 1 , the poles are at p
(from the struck quark propagator) and p
(from the smeared quark-photon vertex), which are located in the upper half of the complex k − -plane. In order to estimate the zero-mode contribution, we define α = P When we do the Cauchy integration over k − to obtain the LF time-ordered diagrams, we use Eq. (11) to avoid the complexity of treating double p − 1 -poles. As mentioned above, the zero-mode contribution comes from the p
For instance, we define the zero-mode contribution to the 1/(NqN Λ1 N Λ2 ) term in Eq. (11) having p
The zero-mode contributions to the other three terms in Eq. (11) can be defined the same way as in Eq. (28) to give the net zero-mode contribution
. Essentially, the nonvanishing zero-mode contributions in Eq. (28) are summarized as follows:
where the variable change x = βz was made and m 
which in fact is common to other three terms in Eq. (11) . After a little manipulation, we finally get the following nonvanishing zero-mode contribution to the form factor f − (q 2 ) in Eq. (15) as follows
Therefore, we get the LF covariant weak form factors in the q + = 0 frame as f
Effective inclusion of the zero-mode in the valence region
In this exactly solvable covariant BS model, we find that while the matrix element of the plus current is exactly on-mass shell physical amplitude, that of the perpendicular current is the off-mass shell amplitude. As shown in our previous work [26] , we can relate the non-wave-function vertex to the ordinary valence wave function in the q + > 0 frame using the iteration of the irreducible kernel involved in the bound state equation. In the q + → 0 frame, the nonvalence contribution in the q + > 0 frame corresponds to the zero-mode contribution in the q + = 0 frame. Thus, we can identify the zero-mode operator that is convoluted with the initial and final state valence wave functions to generate the zero-mode contribution. Our method can also be realized effectively by the method presented by Jaus [31] using the orientation of the light-front plane characterized by the invariant equation ω · x = 0 [36, 37] , where ω is an arbitrary light-like four vector. The special case ω = (1, 0, 0, −1) corresponds to the light-front or null plane ω · x = x + = 0. While the exact on-shell amplitudes(such as M + ) should not depend on the orientation of the light-front plane, the off-shell matrix elements(such as M ⊥ ) acquire a spurious ω dependence. This problem is closely associated with the violation of rotational invariance in the computation of the matrix element of a one-body current. In order to treat the complete Lorentz structure of a hadronic matrix element the authors in [31, 36] have developed a method to identify and separate spurious contributions and to determine the physical, i.e. ω independent contributions to the hadronic form factors. Below, we summarize the result of zero-mode contribution obtained from the method by Jaus [31] and discuss the equivalence with our result of zero-mode contribution.
By adopting the ω dependent light-front covariant approach as in [31, 36] , we derive the light-front covariant form of the form factor f − (q 2 ), which effectively includes the zero-mode contribution in the valence region. In order to do this, we first decompose the four vector p µ 1 in terms of P = (P 1 + P 2 ), q, and ω with ω = (1, 0, 0, −1) as follows [31] 
The coefficients in Eq. (33) are given by
Note that only the coefficient C
1 which is combined with ω µ depends on p − 1 (i.e. zero-mode). In this exactly solvable BS model, the zero-mode contribution from p − 1 is exactly opposite to that from Nq, i.e. 
From the identities in Eqs. (36) and (37), the replacement Nq → Z 2 (or equivalently p 
1 .
We note that the coefficients A with (µ, ν) = (+, −). According to our power counting rules mentioned above, those terms are zero-mode free. On the other hand, the coefficients C 
In summary, the zero-mode contribution from S ⊥ Z.M. given by Eq. (30) can be expressed in terms of the zero-mode operator convoluted with the initial and final state LF vertex functions:
as expected from our effective method presented in our previous work [26] . Consequently, the LF covariant form of the form factor f − (q 2 ) is obtained as where q · P = M (42)] in the q + = 0 frame. Here again, the two results are in complete agreement with each other. The dotted line represents only the valence contribution to −f − (q 2 )/f + (0). The difference between the dashed and dotted lines amounts to the zero-mode contribution to the form factor f − (q 2 ). Although our result for the f LFCov − (q 2 ) is essentially the same as that obtained from Jaus [31] , the distinguished features of our approach in deriving the LF covariant form factor may be summarized as follows: (1) We separate the trace term into the on-shell propagating part S 
These features in our approach should be distinguished from the approach presented in [31] .
While the manifestly covariant BS model of fermion field theory model is good for the qualitative analysis of semileptonic decays, it is still semi-realistic. We thus discuss more phenomenological LFQM and the LF covariant form factors within our LFQM in the following sections.
III. MODEL DESCRIPTION
The key idea in our LFQM [24, 25] for mesons is to treat the radial wave function as a trial function for the variational principle to the QCD-motivated effective Hamiltonian saturating the Fock state expansion by the constituent quark and antiquark. The QCD-motivated Hamiltonian for a description of the ground state meson mass spectra is given by
where k = (k ⊥ , k z ) is the three-momentum of the constituent quark, Mis the mass of the meson, and |Ψ
JJz nlm
is the meson wave function. In this work, we use two interaction potentials V; (1) Coulomb plus harmonic oscillator(HO) and (2) Coulomb plus linear confining potentials. The hyperfine interaction essential to distinguish pseudoscalar(0 −+ ) and vector(1 −− ) mesons is also included; viz.,
where V conf = br(r 2 ) for the linear (HO) potential and S q · Sq = 1/4(−3/4) for the vector (pseudoscalar) meson. Using this Hamiltonian, we analyze the meson mass spectra and various wave-function-related observables, such as decay constants, electromagnetic form factors of mesons in a spacelike region, and the weak form factors for the exclusive semileptonic and rare decays of pseudoscalar mesons in the timelike region [24, 25, 26, 27, 28, 29] .
The momentum-space light-front wave function of the ground state pseudoscalar and vector mesons is given by
where φ(x i , k i⊥ ) is the radial wave function and R
JJz λ1λ2
is the spin-orbit wave function that is obtained by the interaction-independent Melosh transformation from the ordinary spin-orbit wave function assigned by the quantum numbers J P C . The model wave function in Eq. (45) is represented by the Lorentz-invariant internal variables,
is the momentum of the meson M , and p µ i and λ i are the momenta and the helicities of constituent quarks, respectively.
The covariant forms of the spin-orbit wave functions for pseudoscalar and vector mesons are given by
)/x i is the boost invariant meson mass square obtained from the free energies of the constituents in mesons, and ǫ µ (J z ) is the polarization vector of the vector meson [38] . The spin-orbit wave functions satisfy the relation λ1λ2 R JJz † λ1λ2 R JJz λ1λ2 = 1 for both pseudoscalar and vector mesons. For the radial wave function φ, we use the same Gaussian wave function for both pseudoscalar and vector mesons:
where β is the variational parameter. When the longitudinal component k z is defined by
Note that the free kinetic part of the Hamiltonian H 0 = m 2 q + k 2 + m 2 q + k 2 is equal to the free mass operator M 0 in the light-front formalism.
The normalization factor in Eq. (47) is obtained from the following normalization of the total wave function:
We apply our variational principle to the QCD-motivated effective Hamiltonian first to evaluate the expectation value of the central Hamiltonian H 0 + V 0 , i.e., φ|(H 0 + V 0 )|φ with a trial function φ(x i , k i⊥ ) that depends on the variational parameter β. Once the model parameters are fixed by minimizing the expectation value φ|(H 0 + V 0 )|φ , then the mass eigenvalue of each meson is obtained as M= φ|(H 0 + V)|φ . Following the above procedure, we find an analytic form of the mass eigenvalue given by
where 1 = 1 1 and K 1 (x) is the modified Bessel function of the second kind. The upper and lower components of the column vector in Eq. (50) represent the results for the linear and HO potential models, respectively. Minimizing energies with respect to β and searching for a fit to the observed ground state meson spectra, our central potential V 0 obtained from our optimized potential parameters (a = −0.72 GeV, b = 0.18 GeV 2 , and α s = 0.31) [24] for Coulomb plus linear potential was found to be quite comparable with the quark potential model suggested by Scora and Isgur [39] where they obtained a = −0.81 GeV, b = 0.18 GeV 2 , and α s = 0.3 ∼ 0.6 for the Coulomb plus linear confining potential. A more detailed procedure for determining the model parameters of light-and heavyquark sectors can be found in our previous works [24, 25] . In this work, we obtain the new variational parameter β cb for the bottom-charm sector and predict the mass eigenvalues of the low-lying B c and B * Although it is generally believed that the linear potential is preferred between quark and antiquark in the heavy meson system, our result of the spectrum computation indicates that the HO potential is also viable and thus leads to the further investigation. We use both HO and linear potentials to compute the decay processes presented below and identify the physical observables sensitive to the choice of potential.
Our model parameters (m q , β) and the predictions of the ground state meson mass spectra obtained from the linear and HO potential models are summarized in Table I and in Fig. 2 , respectively, compared with the experimental data [40] . [41] . Overall, however, our LFQM predictions of the ground state meson mass spectra are in agreement with the data [40] within 6% error. Table I . The (ρ, π), (η, η ′ ), and (ω, φ) masses are our input data. The masses of (ω − φ) and (η − η ′ ) were used to determine the mixing angles of ω − φ and η − η ′ [24] , respectively.
The decay constants of pseudoscalar and vector mesons
are defined by
In the above definitions for the decay constants, the experimental values of pion and rho meson decay constants are f π ≈ 131 MeV from π → µν and f ρ ≈ 220 MeV from ρ → e + e − .
Using the plus component (µ = +) of the currents, one can easily calculate the decay constants. The explicit forms of pseudoscalar and vector meson decay constants − 503 500 460 ± 60 517 − are given by
Here, only L z = S z = 0 component of the wave function contributes. We note that the vector meson decay constant f V is extracted from the longitudinal (h = 0) polarization.
In Table II , we present our predictions for the decay constants of f Bc and f B * c and compare with other model calculations [5, 8, 42, 43, 44, 45] . The decay constants for other light-and heavy-mesons have been predicted in our previous works [24, 28, 38] and found to be in good agreement with experimental data. While our predictions of the decay constants for the light-light and heavy-light systems [24, 28, 38] are not sensitive to the choice of potential(linear or HO), the decay constants for heavy-heavy systems such as (B c , B * c ) and (η b , Υ) in [28] are quite sensitive to the choice of potential. Thus, the experimental measurements for the decay constants of (B c , B * c ) and (η b , Υ) mesons may distinguish between the linear and HO potentials within our LFQM.
The process-independent quark distribution amplitude(DA) φ P (V ) (x) for pseudoscalar (vector) meson is the probability amplitude for finding thepair in the meson with x q = x and xq = 1 − x. It is directly related to our LF valence wave function [38] :
The k ⊥ integration in Eq. (53) is cut off by the ultraviolet cutoff Λ implicit in the wave function. The dependence on the scale Λ is then given by the QCD evolution equation [46] and can be calculated perturbatively. However, the DAs at a certain low scale can be obtained by the necessary nonperturbative input from LFQM. Moreover, the presence of the damping Gaussian factor in our LFQM allows us to perform the integral up to infinity without loss of accuracy. The quark DAs for pseudoscalar and vector mesons are constrained by
We show in Fig. 3 
IV. SEMILEPTONIC DECAYS OF THE Bc MESON
The relevant quark momentum variables for P (q 1q ) → P (q 2q ′ ) transitions in the q + = 0 frames are given by
where x 1 = x and x 2 = 1−x and spectator quark requires that p + q = p + q ′ and pq ⊥ = pq′ ⊥ . Taking a Lorentz frame where P 1⊥ = 0 and P 2⊥ = −q ⊥ amounts to k
The hadronic matrix element of the plus current M + ≡ P 2 |V + |P 1 in Eq. (4) is then obtained by the convolution formula of the initial and final state LF wave functions in the valence region:
Substituting the covariant form of the spin-orbit wave function for pseudoscalar meson given by Eq. (46) into Eq. (56) yields and A i = (1 − x)m i + xmq (i = 1, 2). After some manipulation, the trace term in Eq. (57) is reduced to
Finally, the form factor f + (q 2 ) obtained from the valence contribution in the q + = 0 frame is given by
We should note in the trace calculation of Eq. (59) the internal momenta of the valence quarks carried inside mesons are all on-mass-shell (p 2 i = m 2 i ). Nevertheless, the LF valence contribution to the form factor f + (q 2 ) is shown to be equivalent to the covariant result as shown in Sec. II.
Comparing the manifestly covariant form factor f + (q 2 ) in Eq. (27) and our LFQM result f + (q 2 ) in Eq. (60), we find the following relations for the LF vertex functions between the two models:
We should note that the zero-mode operator included in Eq. (42) is independent from the choice of radial wave function.
Applying the relation in Eq. (61) to Eqs. (27) and (42), we get the following LF valence contribution f val − (q 2 ) and the LF covariant solution f f ull − (q 2 ) including both the valence and the zero-mode contributions within our LFQM:
where M 1 and M 2 are the physical masses of the initial and final mesons, respectively.
In addition to semileptonic decays, the radiative decays of vector mesons can be anlayzed within our LFQM [24, 28] . In this work, we thus calculate the decay rate for B * c → B c γ transition. In our LFQM calculation of B * c → B c γ process, we first analyze the virtual photon (γ * ) decay process, calculating the momentum dependent transition form factor, F B * c Bc (q 2 ). The lowest-order Feynman diagram for V → P γ * process is shown in Fig. 5 where the decay from vector meson to pseudoscalar meson and virtual photon state is mediated by a quark loop with flavors of constituent mass m 1 and mq. The transition form factor
where the antisymmetric tensor ǫ µνρσ assures electromagnetic gauge invariance, q = P 1 − P 2 is the fourmomentum of the virtual photon, and ǫ ν (P 1 , h) is the polarization vector of the initial meson with the fourmomentum P 1 and the helicity h. The kinematically allowed q 2 (momentum transfer squared) ranges from 0 to q
q p q 00 00 00 00 00 00 00 00 00 11 11 11 11 11 11 11 11 11 000 000 000 000 000 000 000 000 can also be obtained in the q + = 0 frame with the transverse (h = ±1) polarization and the "+"-component of the currents without encountering zero-mode contributions [30] and then analytically continued from the spacelike region where the form factor is given by F B * c Bc (q 2 ⊥ ) to the timelike q 2 > 0 region by changing q 2 ⊥ to −q 2 in the form factor.
The hadronic matrix element of the plus current M (63) is then obtained by the convolution formula of the initial and final state LF wave functions in the valence region:
where ee j is the electrical charge for jth quark flavor. Substituting the covariant forms of the spin-orbit wave functions for pseudoscalar and vector mesons given by Eq. (46) into Eq. (64) and comparing it with the righthand side of Eq. (63), i.e. eP
2 where q R = q x + iq y , we could extract the one-loop integral, I(m 1 , mq, q 2 ), given by
where M 0 = M 0 + m 1 + mq. The decay form factor F B * c Bc (q 2 ) is then obtained as [28] F B * c Bc (q 2 ) = e 1 I(m 1 , mq, q 2 ) + e 2 I(mq, m 1 , q 2 ). (66) The coupling constant g B * c Bcγ for real photon (γ) case can then be determined in the limit q 2 → 0, i.e., g B * c Bcγ = F B * c Bc (q 2 = 0). The decay width for V → P γ is given by where α is the fine-structure constant and
is the kinematically allowed energy of the outgoing photon.
VI. NUMERICAL RESULTS
In our numerical calculations of exclusive B c decays, we use two sets of model parameters (m, β) for the linear and HO confining potentials given in Table I obtained from the calculation of the mass spectra. Although our predictions of ground state heavy meson masses are overall in good agreement with the experimental values, we use the experimental meson masses [40] in the computations of the decay widths to reduce possible theoretical uncertainties. We also use the central values of the CKM 
quoted by the Particle Data Group (PDG) [40] . In Figs. 6 and 7 we show the q 2 -dependence of the LF covariant weak form factors f + (q 2 )(solid lines) and f 0 (q 2 )(dashed lines) in the whole kinematical ranges for the CKM-suppressed (enhanced) semileptonic B c → D(η c ) (Fig. 6) and B c → B(B s ) (Fig. 7) In order for the final D meson to be bound, there must be a correspondingly large momentum transfer to the spectator c quark. Thus, the overlap between the initial and final meson wave functions at the maximum-recoil point is limited and yields smaller value of f + (0) for B c → D decay than that for other processes. We also note that one cannot apply the heavy quark symmetry to the system with the two heavy quarks, due to the flavor symmetry breaking by the kinetic energy terms as discussed in [47] . As for the zero-mode contributions, we find that the zero-mode contributions to f 0 (q 2 )(or f − (q 2 )) for the B c → D, B c → B and B c → B s processes are relatively larger than that for the B c → η c process. For the B c → η c transition, the zero-mode contributions to f 0 (q 2 ) obtained from both linear and HO potential models are almost suppressed in the whole kinematical range and moreover the values of f 0 (q 2 max ) almost converge to a single value regardless of the choice of potential.
Although there already exist various model predictions on the above B c semileptonic decays, the predictions of the semileptonic η b → B c decay is not reported yet as far as we know. We thus show in Fig. 8 the q 2 -dependence of the weak form factors f + (q 2 ) and f 0 (q 2 ) for the semileptonic η b → B c decay obtained from both linear and HO potential models. The same line codes presented in Fig. 6 are used in Fig. 8 897 MeV for the linear and HO potential models [28] , respectively. This results in sizable differences between the two models for the predictions of f + (q 2 ) and f 0 (q 2 ) in the η b → B c decay. Since the linear potential model prediction of the quark DA for η b is narrower than the HO model prediction (see Fig. 4 ), the overlap between the initial and final meson wave functions at the maximumrecoil point (i.e., q 2 = 0) produces smaller values of f + (= f 0 ) for the linear potential model than for the HO potential model. The experimental measurement of this process may also distinguish between the linear and HO potential models within our LFQM. The zero-mode contribution to f − (q 2 )(or f 0 (q 2 )) is again quite suppressed in the whole kinematical range as in the case of B c → η c process.
In Figs. 9-11 , we show the differential decay widths dΓ/dq 2 for the B c → D(η c )ℓν ℓ (Fig. 9) , B c → B(B s )ℓν ℓ (Fig. 10 ) and η b → B c ℓν ℓ (Fig. 11) processes obtained from the linear and HO potential parameters. The line codes are described in each figure. We should note that the minimum q 2 value of the form factor depends on the actual final lepton and it is given (neglecting neutrino masses) by the lepton mass as q 2 min = m 2 ℓ . Although the difference between the linear and HO model predictions are not very large for the B c → (B, B s ) processes, they are quite different for other processes, especially for the η b → B c process. Since the constituent masses of b-and c quarks are common to both linear and HO potential models, the difference of the decay rates for the η b → B c process seems to come from the different choice of the variational β parameters. We note, however, that the difference of the decay rates between the two models are significantly reduced for the heavy τ lepton case.
In Table III , we summarize our results for the weak form factors f + and f 0 at q 2 = 0 and q 2 max and the decay widths Γ ℓ of the semileptonic B c → (D, η c , B , B s )ℓν ℓ and η b → B c ℓν ℓ (ℓ = e, µ, τ ) decays in comparison with other theoretical model predictions [5, 9, 10, 13, 14, 15, 16, 17, 48] . The subscript for the decay width Γ ℓ represents the result for P → P ℓν ℓ decay where the final lepton is ℓ = e, µ or τ . For the decays induced by b → u(c) transitions such as B c → D, η c and η b → B c decays, we take Γ e ≃ Γ µ with the massless lepton limit since the muon mass effect is negligible for these transitions with large kinematic ranges. For the decays induced by c → d(s) transitions such as B c → B(B s ) decays, Γ µ is about 5% smaller than Γ e in our model predictions. For the B c → D decay, our predictions of the form factor f + at the maximum-recoil point are rather smaller than other quark model predictions. The upcoming experimental study planned at the Tevatron and at the LHC may distinguish these different model predictions. For the B c → η c , B and B s semileptonic decays, our predictions are quite comparable with those of the quasipotential approach to the relativistic quark model [9, 10] , the relativistic quark-meson model [15] , and the nonrelativistic quark model [16] . It may be noted, however, that the predictions of the quark model based on an effective Lagrangian describing the coupling of hadrons to their constituent quarks [5] as well as the covariant LFQM [17] are quite different from other model predictions including ours.
Finally, in order to analyze the total rate for the radiative B * c → B c + γ decay, the masses of the B c and B * c mesons must be specified. Although we predicted the above two meson masses in Fig. 2 , we use the the central value of the experimental data M exp Bc = 6.276 GeV [40] to reduce the possible theoretical uncertainties. s , η b , Υ) using our LFQM can be found in [28] .
VII. SUMMARY AND DISCUSSION
In this work, we investigated the exclusive semileptonic This approach can establish the broader applicability of our LFQM to the wider range of hadronic phenomena. For instance, our LFQM has been tested extensively in the spacelike processes [24, 50] as well as in the timelike exclusive processes such as semileptonic [25, 26, 32] and rare [27] decays of pseudoscalar mesons and the magnetic dipole V → P γ * decays [28, 29] . The weak form factor f ± (q 2 ) for the semileptonic decays between two pseudoscalar mesons and the decay form factor F B * c Bc (q 2 ) for the B * c → B c γ decay are obtained in the q + = 0 frame (q 2 = −q 2 ⊥ < 0) and then analytically continued to the timelike region by changing q 2 ⊥ to −q 2 in the form factor. The covariance (i.e., frame independence) of our model has been checked by performing the LF calculation in the q + = 0 frame in parallel with the manifestly covariant calculation using the exactly solvable covariant fermion field theory model in (3 + 1)-dimensions. We found the zero-mode contribution to the form factor f − (q 2 ) and identified the zeromode operator that is convoluted with the initial and final state LF wave functions. We calculated the decay constants of (B c , B * c ) mesons and the decay rates for the exclusive B c → (D, η c , B, B s )ℓν ℓ and η b → B c ℓν ℓ decays and compared with other theoretical approaches. Particularly, the decay constants for (B c , B * c ) mesons and the decay rate for η b → B c process are quite sensitive to the choice of potential within our LFQM. From the future experimental data on these sensitive processes, one may obtain more realistic information on the potential between quark and antiquark in the heavy meson sys-
